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Abstract
In this paper, we investigate irregularities in a cylindrical self-gravitating system
which contains the properties of an imperfect matter and electromagnetic field. For
f(R,T,Q) theory, in which R represents the Ricci scalar and T shows the trace of
matter stress-energy tensor while Q ≡ RγδT γδ, the field equations containing elec-
tric charge, mass functions and Darmois junction conditions at the hypersurface are
examined. We have adopted new definition of complexity introduced by Herrera [1],
generalized it for the static charged cylindrically symmetric case in f(R,T,Q) theory
by performing a detailed analysis on the orthogonal splitting of the Riemann curvature
tensor. One of the effective scalars, YTF , has been recognized as a complexity factor.
This factor is comprised of certain physical components of the fluid such as irregularity
in energy density, locally pressure anisotropy and electric charge (arranged in a specific
way). In addition, the effects of extra curvature terms of modified gravity are examined
by making the relations among the complexity factor, Weyl scalar and Tolman mass.
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1
1 Introduction
General Relativity (GR) is an extensively accepted theory that was proposed by Albert
Einstein in 1915 in which he related matter and spacetime with the help of Einstein field
equations. In accordance with his beliefs, there does not occur any contraction or expansion
in our universe since from the big bang. After a short time, the red-shifted light has been
received from some galaxies when Edwin Hubble was trying to measure the velocities of
those galaxies in 1929, and thus he concluded that our universe is in state of expansion.
Some fascinating discoveries have recently shown that our cosmic dynamics needs a deeper
understanding due to very high amount (almost 95 percent) of dark matter and dark energy
in our cosmos. Many astrophysicists have expressed their interest in exploring various ways
of explaining the influence of our cosmic dark source components. A number of modified
gravitational theories have been suggested recently which are significant for the study of
dynamical features of cosmic expansion. By substituting the generic function of the Ricci
scalar R in place of R in an action, the straightforward generalization of GR has been ob-
tained which is known as f(R) theory (for details on modified gravity please see [2–12]).
To investigate the mysterious aspects of our cosmos, Nojiri and Odintsov [13] affirmed the
consistency of f(R) theory by designing different models in this theory that are compatible
with certain solar system tests. In f(R) theory, Bamba et al. [14] discussed the features of
several cosmologies containing dark energy and ΛCDM-like universe by considering different
models. Different factors that could produce irregularities in any self-gravitating object have
been examined by various researchers [15–21], and by taking some applications into consider-
ation, they analyzed rigorous solutions to the field equations in f(R) theory. Yousaf and his
collaborators [22–26] concluded that for some particular modified theory, the gravitational
models are quite appropriate for hosting compact stars with smaller radii but having larger
masses.
Harko et al. [27] first studied the effects of arbitrary coupling between matter and cur-
vature by introducing f(R, T ) theory, where T is the trace of stress-energy tensor. For this
theory, they investigated the impact of additional force term on moving particles, and field
equations are also evaluated with the help of variational principle. By considering some
models in f(R, T ) theory, Baffou et al. [28] found their stability conditions, and established
several cosmological solutions that suit observations. The more generalized form of f(R, T )
theory is known as f(R, T,Q) theory, which was suggested by Haghani et al. [29] and it
incorporates the matter lagrangian consisting of the strong interaction between curvature
and fluid. The equations of motion were also calculated by assuming Lagrange multiplier
method in this theory. Odintsov and Sa´ez-Go´mez [30] noticed that the spacetime is strongly
non-minimally coupled with geometry and found that the cosmic expansion may be the re-
sult of extra curvature terms of f(R, T,Q) gravity. Ayuso et al. [31] inspected the stability
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conditions in f(R, T,Q) gravity for certain specific scalar and vector fields, and also calcu-
lated higher order field equations. Baffou et al. [32] analyzed the consistency criteria for
f(R, T,Q) theory via some particular solutions and claimed that one can better understand
the early stages of our cosmic expansion through modified correction terms. In addition, by
using computational techniques, they explored the stability of certain models in this theory.
The gravitational collapse of a self-gravitating object was studied by Bhatti and his col-
leagues [33–36], and some relations between physical variables containing in field equations
and the Conformal tensor are also found.
A complexity can be defined as a combination of several components which can lead a
stable self-gravitating system to be complicated. Here, the existing results in GR for zero
complexity must be explained under the influence of extra curvature terms of f(R, T,Q)
theory. In various fields of science, different approaches to define a complexity can be ob-
served. Lo´pez-Ruiz et al. [37–39] defined this term by entropy and information amongst
all those factors. Entropy of any system can be determined by measuring its disorderness,
whereas the knowledge that one can gain by studying a system could be called as information.
Lo´pez-Ruiz et al. [37] then developed this definition by means of a term, i.e., disequilibrium.
The term complexity can be demonstrated in physics by assuming simplest structures,
which by definition do not have any complications, such as isolated ideal gas and perfect
crystal. By theirs very definition, such both structures are extreme in all aspects. The
first system is entirely unstable in nature as it consists of randomly moving particles, and
therefore gives maximum possible information because all particles have equal involvement
in this system. In second system, the elements that construct this structure are organized in
an orderly manner and therefore it provides minimum data set because to known its nature,
it is sufficient to analyze its small portion. It can thus be seen in the former case that
there is maximum disequilibrium, while in the later case it is found to be zero. The notion
of complexity factor can also be used in astrophysics to examine the structural features of
self-gravitating (cylindrical or spherical) systems. Usually, there can be various factors in
any system such as pressure, heat dissipation and energy density which contribute in making
the system more complex. The complexity of any system cannot be measured via its energy
density only, unless the pressure component in the stress-energy tensor is taken into account.
Usually for cylindrical objects, the nature of several physical characteristics was analyzed
at different scales. In particular, the phenomenon which encourage to consider the cylindrical
symmetry are gravitational collapse and its radiations, rotating fluids and spinning massive
structures. By definition of Birkhoff’s theorem, outside a spherically self-gravitating object,
there exists a vacuum and therefore its collapse does not cause to produce any gravitational
waves. For this reason, one turns to a different fundamental symmetry, which is commonly
known as cylindrical symmetry. By considering weak approximation fields, the solutions
for gravitational waves produced by cylindrical stars have been constructed by Einstein and
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Rosen [40], and they also stated that such problems reduce to standard cylindrical waves in
the case of Minkowski space. Many astrophysical facets have been investigated in relation to
cylindrical symmetric propagation. Herrera and Santos [41] evaluated the smooth conditions
to match the inner and outer geometries for gravitational collapse in cylindrical structure
and sustained that the radial pressure at the boundary did not meet zero value. However,
Herrera et al. [42] later noticed some errors in lengthy calculations, reporting that there
would be no radial pressure at the boundary if such mistakes were corrected. Recently,
Herrera [43, 44] elaborated the physical interpretation of congruences as well as the fluid
distribution in the study of astrophysical objects.
For static cylindrical self-gravitating star, Herrera et al. [45] established the matching
criteria with the Levi-Civita vacuum spacetime and checked the regularity conditions for
them. They evaluated equations of motion and furthermore demonstrated that an appropri-
ate collection of conformally flat solutions would represent an incompressible fluid. Sharif
and Bhatti [46] found some structure scalars for charged cylinder which contained anisotropic
pressure and heat flux, and examined its fundamental characteristics through those scalars.
The field equations and certain dynamical equations were also constructed by considering
the charge effects. By considering cylindrical matter distribution by Sharif and Yousaf [47],
vacuum cavity within the fluid distribution was examined while they were studying the ex-
pansion free condition. Their discussion focused on solutions which contain a thin shell, and
also on solutions that fulfil the Darmois conditions on the boundary. The structural insta-
bility of an isotropic cylindrical spacetime was studied by Sharif and Bhatti [48], in which
they observed the effects of electromagnetic field. Their conclusion was that the energy den-
sity, pressure and electric charge are the components which influence the cylinder’s stability.
Yousaf et al. [49] calculated the effective scalars by splitting the Riemann tensor orthogonally
in f(R, T,Q) theory, found complexity factors for cylindrical and charged spherical systems
and also discussed structural properties for these systems.
We have adopted a definition of complexity given in Herrera [1] and want to generalize
it f(R, T,Q) theory of gravity with static cylindrically symmetric spacetime. The scheme
of this paper is mentioned below. For f(R, T,Q) gravity theory, in the next section, we
suggest some new definitions and the field equations are also evaluated. Then in Sec. 3, we
orthogonally split the Riemann tensor to get some scalar factors, one of which is claimed to
be a complexity factor. After this, we evaluate the condition to vanish the complexity factor
in Sec. 4, and also present some mathematical models in the context of f(R, T,Q) theory.
Eventually, all modified results and their effects have been concluded in Sec. 5.
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2 Basic Definitions and Some Other Equations
The fluid considered in this case is static self-gravitating cylindrically symmetric which is cou-
pled with electric charge and pressure anisotropy. We study the stellar object in f(R, T,Q)
theory via some equations of motion, evaluate the C-energy as well as Tolman mass functions
and the required matching conditions on the boundary surface Σ.
2.1 Modified Field Equations
For f(R, T,Q) theory [30–32], the Einstein-Hilbert action becomes after modification as
S =
1
2
∫ √−g [f(R, T,Q) + Lm + LEM ] d4x, (1)
where Lm denotes the matter Lagrangian and the electromagnetic Lagrangian LEM contains
the influence of electric charge.
Corresponding to (1), the field equations in this case are
Gρν = 8πT
(eff)
ρν , (2)
where Gρν is an Einstein tensor and T
(eff)
ρν could represent the stress energy tensor for
f(R, T,Q) theory,
T (eff)ρν =
1
fR − LmfQ
[(
fT +
1
2
RfQ + 1
)
Xρν +
{
R
2
(
f
R
− fR)− LmfT
− 1
2
∇µ∇β(fQXµβ)
}
gρν − 1
2
(fQXρν)− (gρν−∇ρ∇ν)fR
− 2fQRµ(ρXµν) +∇µ∇(ρ[Xµν)fQ] + 2(fQRµβ + fTgµβ)
∂2Lm
∂gρν∂gµβ
]
, (3)
where Xρν = T
(m)
ρν +Sρν . Also, ∇ρ is the usual covariant derivative, Rρν is the Ricci tensor, gρν
is the metric tensor and  ≡ gγα∇γ∇α. Here, the subscripts R, T and Q represent that their
arguments are partially differentiated. The trace of usual stress energy tensor in GR provides
a particular relation between R and T . To study the charged fluid, the electromagnetic energy
tensor Sρν can be given as
Sρν =
1
4π
(
−F γρ Fνγ +
1
4
F γβFγβgρν
)
, (4)
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where Fρν = φν,ρ − φρ,ν is the Maxwell field tensor and in this case of static fluid, the four
potential φρ becomes as φρ = φ(r)δ
0
ρ. The electric charge becomes interior to radius r as
s(r) = 4π
∫ r
0
τr2Y dr, (5)
where τ denotes the charge density which depends on r only. In this case, the matter
Lagrangian shown in action (1) is defined as Lm = −µ− 14F ρνFρν , and after using the value
of Maxwell tensor it becomes, Lm = −µ+ s22r4 in which µ is the energy density of the fluid.
Also, the usual energy-momentum tensor considered in (3) is of the form
T (m)ρν = µvρvν − Phρν +Πρν , (6)
where
Πρν = Π
(
wρwν +
1
3
hρν
)
; P =
Pr + 2Pt
3
, (7)
Π = Pr − Pt; hρν = gρν − vρvν , (8)
and the 4-vector in radial direction wρ is set as
wρ = (0, Y −1, 0, 0), (9)
with some properties wµvµ = 0, w
µwµ = −1.
Here, the term Π represents anisotropic pressure which further contains the radial pressure
Pr and tangential pressure Pt. It should be noted that the pressure normally exists in
three different directions for cylindrical anisotropic structure, but the pressure anisotropy
considered in this case does not have the most general form.
Indeed, we found the following from Eq.(3) as
3fR +
1
2
(fQX)−X(fT + 1) +∇π∇ρ(fQXπρ) +R(fR − X
2
fQ)
+ (RfQ + 4fT )Lm − 2f + 2RπρXπρfQ − 2gλσ ∂
2Lm
∂gλσ∂gπρ
(fTg
πρ + fQR
πρ) = 0.
From above expression, the effects of f(R, T ) theory can be investigated with the assumption
Q = 0, while taking the vacuum case will help us to examine these complex results in f(R)
theory. Various authors [30–32] looked into the accurate analysis of their derivation and
physical importance by examining our cosmic composition.
The 4-velocity vector in the comoving frame becomes
vρ = (X−1, 0, 0, 0). (10)
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The 4-acceleration aβ = vβ;πv
π gives only one non-disappearing component as follows
a1 = −X
′
X
. (11)
In order to clarify the complexity, the appropriate inner space-time restricted by the
hypersurface Σ is indicated by a line element as
ds2 = −Y 2dr2 − r2(dθ2 + α2dz2) +X2dt2, (12)
where X = X(r) and Y = Y (r). Note that the above spacetime is not in the most general
form as it contains two independent functions, and due to this assumption, the expressions
for anisotropic tensor, electric part of Weyl tensor and the scalar YTF will be in restricted
forms. The most general form of the cylindrically symmetric spacetime is given in [50]. For
cylindrical symmetry, we implement the following ranges on the above coordinates as
0 ≤ r, 0 ≤ θ ≤ 2π, −∞ < z < +∞, −∞ ≤ t ≤ +∞.
The cylindrical object (12) delivers the field equations for f(R, T,Q) theory as
8π
(fR − LmfQ)
[
µ(eff) +Q
(eff)
0
]
= − 2Y
′
rY 3
+
1
r2Y 2
, (13)
8π
(fR − LmfQ)
[
P (eff)r +Q
(eff)
1
]
= − 1
r2Y 2
− 2X
′
rXY 2
, (14)
1
(fR − LmfQ)
[
P
(eff)
t +Q
(eff)
2
]
= − X
′′
XY 2
+
Y ′
rY 3
+
X ′Y ′
XY 3
− X
′
rXY 2
, (15)
where P
(eff)
r , P
(eff)
t and µ
(eff) comprise the dark source terms of f(R, T,Q) theory together
with physical variables, while Q
(eff)
1 , Q
(eff)
2 and Q
(eff)
0 represent effective charge terms re-
spectively. The values of all these quantities are set in Appendix A. Here, differentiation
with respect to r is shown by prime.
It is useful to say that the divergence of stress-energy tensor in f(R, T,Q) theory is not
conserved and therefore allowing all physical laws to be violated. Hence, the particles move
in a non-geodesic path, owing to an extra force in its gravitational field. This can therefore
be formalized as
∇λXλǫ = 2
RfQ + 2fT + 1
[
∇ǫ(LmfT ) +∇λ(fQRπλXπǫ)− 1
2
(fTgπρ + fQRπρ)
× ∇ǫXπρ −Gλǫ∇λ(fQLm)
]
. (16)
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From (16), the equation for the hydrostatic equilibrium can be read as(
P
(eff)
r +Q
(eff)
1
H
)
′
=
−X ′
HX
(
µ(eff) +Q
(eff)
0 + P
(eff)
r +Q
(eff)
1
)
+
2
rH
×
(
P
(eff)
t +Q
(eff)
2 − P (eff)r −Q(eff)1
)
+ ZY 2, (17)
where H = fR − LmfQ. The term Z represents extra curvature terms and refers to the
constraints on the stress-energy tensor in f(R, T,Q) theory whose value is given in Appendix
A. It can be called as the generalized Tolman-Opphenheimer-Volkoff (TOV) equation which
uses widely to study the compact stellar properties. In 1971, Bekenstein initially extended
the TOV equation in GR for compact objects having the influence of electromagnetic field.
One can find the value of X
′
X
from Eq.(14) as
X ′
X
=
4r2
r2 − 8mr + 4s2
[
−4πr
H
(
P (eff)r +Q
(eff)
1
)
+
m
r2
− 1
8r
− s
2
2r3
]
. (18)
We will get the following by putting back Eq.(18) in Eq.(17),(
P
(eff)
r +Q
(eff)
1
H
)
′
=
4r2
r2 − 8mr + 4s2
[
4πr
H
(
P (eff)r +Q
(eff)
1
)
− m
r2
+
1
8r
+
s2
2r3
](
µ(eff) +Q
(eff)
0 + P
(eff)
r +Q
(eff)
1
)
+
2
rH
(
P
(eff)
t +Q
(eff)
2 − P (eff)r −Q(eff)1
)
+ ZY 2, (19)
in which the mass m of the geometry is obtained as [51]
m(r) ≡ E˜ = Elˆ = − r
2Y 2
(
1− Y
2
4
)
+
s2
2r
. (20)
Equation (20) can be written by combining it with Eq.(13) as
m(r) =
r
8
− 4π
∫ r
0
r˜2
H
(
µ(eff) +Q
(eff)
0
)
dr˜ +
s2
2r
. (21)
To study the cylindrical star, the line element which represents the exterior space-time
is given as
ds2 = −
(
−2M(ν)
r
+
S2(ν)
r2
)
dν2 − 2dνdr + r2(dθ2 + α2dz2), (22)
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where M denotes its total mass. By succeeding the work done by Senovilla [52], Yousaf et
al. [34] introduced the corresponding criteria for smoothly matching of the space-times (12)
and (22) in f(R, T,Q) theory. Therefore, at the hypersurface r = rΣ =constant, we impose
some constraints on the effective radial pressure and its charge component separately as
E˜ −MΣ=
1
8
; [Pr]
Σ
= − F0; s2Σ=H˜S2 − 8πr4F1. (23)
The values of F0 and F1 are set out in Appendix A. Note that the conditions (23) are
necessarily required to match the inner and outer space-times on Σ.
2.2 Some Curvature Tensors
A well known tensor which is used to measure the space-time curvature named as the Rie-
mann tensor can be written as a linear combination of the Weyl tensor Cαγβρ, the Ricci
tensor Rγρ and the Ricci scalar R as
Rαπβρ = C
α
πβρ −
1
2
Rπβδ
α
ρ +
1
2
Rπρδ
α
β −
1
2
Rαρgπβ +
1
2
Rαβgπρ
− 1
6
R
(
δαβgπρ − gπβδαρ
)
. (24)
One can define the electric and magnetic part of Weyl tensor separately as
Eγβ = Cγδβπv
δvπ, Hγβ =
1
2
ηγδµπC
µπ
βσv
δvσ. (25)
The magnetic part of Weyl tensor described in Eq.(25) vanishes, as we have considered static
cylindrical structure (12). Thus another form of the Weyl tensor may be written as
Cπλκρ = (gπλµνgκργβ − ηπλµνηκργβ)vµvγEνβ, (26)
where gπλαν = gπαgλν − gπνgλα, and ηλπαν is the Levi-Civita tensor. The electric part Eρν
can further be written as
Eρν = E
(
wρwν +
1
3
hρν
)
, (27)
with its non-fading elements
E11 =
2
3
Y 2E, E22 = −1
3
r2E, (28)
where
E =
1
2XY 2
[
X ′′ − X
′Y ′
Y
+
XY ′
rY
− X
′
r
+
X
r2
]
, (29)
which must meet some conditions given below as
Eρρ = 0, Eργ = E(ργ), Eργv
γ = 0. (30)
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2.3 The Mass Function
Here, we will evaluate few useful equations by following the definitions of C-energy [53]
and Tolman mass [54] in order to investigate some properties of cylindrical system. Such
equations will further support us to make the relation between mass function and Conformal
tensor. Equations (2), (20), (24) and (27) are used to write the following as
m =
r
8
− 4πr
3
3H
(
µ(eff) +Q
(eff)
0 + P
(eff)
t +Q
(eff)
2 − P (eff)r −Q(eff)1
)
+
s2
2r
− r
3E
3
. (31)
One may also write above expression for E as
E = −4π
r3
∫ r
0
r˜3
(
µ(eff) +Q
(eff)
0
H
)
′
dr˜ +
4π
H
(
P (eff)r +Q
(eff)
1
− P (eff)t −Q(eff)2
)
. (32)
Note that Eq.(32) presents the relation of Weyl tensor with cylindrical structural properties,
i.e., effective energy density inhomogeneity, effective local anisotropic pressure and electric
charge of the fluid with modified corrections. One can insert Eq.(32) in Eq.(31) and get
m(r) =
r
8
+
s2
2r
− 4πr
3
3H
(
µ(eff) +Q
(eff)
0
)
+
4π
3
∫ r
0
r˜3
(
µ(eff) +Q
(eff)
0
H
)
′
dr˜, (33)
which contributes to link the mass of our geometry with uniform energy density and charge
distribution. The formula mentioned above, allows us to analyze the changes in mass function
which are carried by effective inhomogeneous energy density and respective component of
effective charge for self-gravitating system.
Another way in order to measure the total energy of static cylinder was suggested by
Tolman [54] which is given as
mT = 4π
∫ rΣ
0
r2XY
(
T
0(eff)
0 − T 1(eff)1 − 2T 2(eff)2
)
dr. (34)
With and without taking into consideration the effects of electric charge in self-gravitating
structures, Bhatti et al. [55, 56] evaluated the Tolman mass function in f(R) theory. Thus,
within the cylindrical configuration of radius r, Eq.(34) becomes
mT = 4π
∫ r
0
r2XY
(
T
0(eff)
0 − T 1(eff)1 − 2T 2(eff)2
)
dr. (35)
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By using field equations in Eq.(35), we receive
mT = −X
′r2
Y
− 4π
∫ r
0
XY r2Q
(eff)
3
H
dr, (36)
where Q
(eff)
3 = Q
(eff)
0 + Q
(eff)
1 + 2Q
(eff)
2 , or it becomes by putting the value of X
′ from
Eq.(18) as
mT = XY
[
4πr3
H
(
P (eff)r +Q
(eff)
1
)
−m+ s
2
2r
+
r
8
]
. (37)
This expression could be referred to as the effective gravitational mass. The gravitational
acceleration (a = −wνaν) of a test molecule can be pursued instantaneously at rest in a
static gravitational field as
a =
X ′
XY
= − 1
Xr2
[
mT + 4π
∫ r
0
XY r2Q
(eff)
3
H
dr
]
. (38)
Equation (36) can be more appropriately expressed as
mT = (mT )Σ(
r
rΣ
)3 + r3
∫ rΣ
r
XY
r˜
[
4π
H
Π(eff) + E
]
dr˜
+ 4πr3
∫ rΣ
r
XYQ
(eff)
4
r˜H
dr˜, (39)
where Q
(eff)
4 = Q
(eff)
0 + 2Q
(eff)
1 + Q
(eff)
2 . One can get from the above expression by using
Eq.(32) in it, as
mT = (mT )Σ(
r
rΣ
)3 + r3
∫ rΣ
r
XY
r˜
[
8π
H
Π(eff) − 4π
r˜3
∫ r
0
r˜3
(
µ(eff)
H
)′
dr˜
]
dr˜
+ 4πr3
∫ rΣ
r
XYQ
(eff)
5
r˜H
dr˜, (40)
where Q
(eff)
5 = Q
(eff)
0 + 3Q
(eff)
1 . Equation (40) could be useful to interpret the relation
between effective Tolman mass and some physical phenomenon like effective inhomogeneity
of the energy density, effective local pressure anisotropy and effective form of electric charge
in the static cylinder.
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3 The Orthogonal Splitting of The Riemann Tensor
The orthogonal splitting of the Riemann tensor was first suggested by Bel [57] and Herrera
et al. [58] from which one can obtain the following three tensors as
Yδγ = Rδβγαu
βuα, (41)
Zδγ = ∗Rδβγαuβuα = 1
2
ηδβǫµR
ǫµ
γαu
βuα, (42)
Xδγ = ∗R∗δβγαuβuα =
1
2
ηǫµδβR
∗
ǫµγαu
βuα, (43)
where ∗ is the dual tensor and ηδǫµβ is known as Levi-Civita symbol which takes 0 value
for no permutation, 1 for even permutation and −1 for odd permutaion. Now we use field
equations to rewrite the Riemann tensor (24) by means of above tensors (41)-(43) (see [59])
as
Rδβ γα = C
δβ
γα + 16πT
(eff)[δ
[γ δ
β]
α] + 8πT
(eff)
(
1
3
δδ [γδ
β
α] − δ[δ [γδβ]α]
)
. (44)
The Riemann tensor (44) can further be divided into three components after using Eq.(3) in
it as
Rδβ γα = R
δβ
(I)γα +R
δβ
(II)γα +R
δβ
(III)γα, (45)
where
Rδβ(I)γα =
16π
H
(fT +
1
2
RfQ + 1)
[(
µ+
s2
8πr4
)
v[δv[γδ
β]
α] −
(
P +
s2
24πr4
)
× h[δ [γδβ]α] +Π[δ [γδβ]α] −
s2
4πr4
(
w[δw[γδ
β]
α] +
1
3
h
[δ
[γδ
β]
α]
)]
+
8π
H
×
[
(fT +
1
2
RfQ + 1)(µ− 3P ) + 4
{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT
− 1
2
∇µ∇ν(fQXµν)
}
− 3fR − 1
2
{fQ(µ− 3P )}+∇µ∇π(fQXµπ)
− 2fQRµπXµπ + 2gπξ(fQRµν + fTgµν) ∂
2Lm
∂gπξ∂gµν
]
×
(
1
3
δδ [γδ
β
α] − δ[δ [γδβ]α]
)
, (46)
Rδβ(II)γα =
4π
H
[
2
{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT − 1
2
∇µ∇ρ(fQXµρ)
}
× (δδγδβα − δδαδβγ )− 12{fQ (Xδγδβα −Xδαδβγ −Xβγ δδα +Xβαδδγ)}
12
− 2fR
(
δδγδ
β
α − δδαδβγ
)
+
(
δβα∇δ∇γ − δβγ∇δ∇α − δδα∇β∇γ
+ δδγ∇β∇α
)
fR − fQ
(
RµγX
µδδβα −RµαXµδδβγ −RµγXµβδδα
+ RµαX
µβδδγ +R
δ
µX
µ
γ δ
β
α − RδµXµαδβγ − RβµXµγ δδα +RβµXµαδδγ
)
+
1
2
∇µ∇δ
{
fQ
(
Xµγ δ
β
α −Xµαδβγ
)}
+
1
2
∇µ∇α
{
fQ
(
Xβµδδγ −Xδµδβγ
)}
+
1
2
∇µ∇β
{
fQ
(
Xµαδ
δ
γ −Xµγ δδα
)}
+
1
2
∇µ∇γ
{
fQ
(
Xδµδβα −Xβµδδα
)}
+ 2gδβ(fQR
µρ + fTg
µρ)
{
δπα
∂2Lm
∂gπγ∂gµρ
− δπγ
∂2Lm
∂gπα∂gµρ
− δπα
∂2Lm
∂gπγ∂gµρ
+ δπγ
∂2Lm
∂gπα∂gµρ
}]
, (47)
Rδβ(III)γα = 4v
[δv[γE
β]
α] − ǫδβµ ǫγαρEµρ, (48)
with
ǫµβρ = v
δηδµβρ, ǫµβγv
γ = 0, (49)
where the magnetic part of Weyl tensor has been disappeared for the considered static
cylindrical symmetry.
It is possible to find the tensors Xδγ , Yδγ and Zδγ which encompass material variables,
electric charge and extra curvature terms of f(R, T,Q) gravity, as
Yδγ = Eδγ +
1
H
{
4π
3
(µ+ 3P )hδγ + 4πΠδγ − s
2
r4
(
wδwγ +
1
3
hδγ
)
+
s2
3r4
hδγ
}
× (fT + 1
2
RfQ + 1)− 8π
3H
{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT
− 1
2
∇µ∇ρ(fQXµρ)
}
hδγ +
4π
H
[
−1
2
{
(fQXδγ)− vδvβ(fQXβγ )
− vγvα(fQXδα) + gδγvβvα(fQXβα)
}
+ (∇δ∇γfR − vδvβ∇β∇γfR
− vγvα∇δ∇αfR + gδγvβvα∇β∇αfR) + 2fQRδµ
{(
P +
s2
24πr4
)
hµγ
−
(
wµwγ +
1
3
hµγ
)(
Π− s
2
4πr4
)}
− fQRβµ
{(
µ+
s2
8πr4
)
vµvβhδγ
−vδvβ
(
wµwγ +
1
3
hµγ
)(
Π− s
2
4πr4
)
+ vδvβ
(
P +
s2
24πr4
)
hµγ
}
− fQRµα
{(
µ+
s2
8πr4
)
vµvαhδγ − vγvα
(
wµwδ +
1
3
hµδ
)(
Π− s
2
4πr4
)
13
+ vγv
α
(
P +
s2
24πr4
)
hµδ
}
+
1
2
{∇µ∇δ(fQXµγ ) + gδγvβvα∇µ∇β(fQXµα)
+∇µ∇γ(fQXµδ ) + gδγvβvα∇µ∇α(fQXµβ)− vγvα∇µ∇δ(fQXµα)
− vβvδ∇µ∇γ(fQXβµ)− vβvδ∇µ∇β(fQXµγ )− vγvα∇µ∇α(fQXµδ )}
+ 2hǫδ(fQR
µρ + fTg
µρ)
∂2Lm
∂gǫγ∂gµρ
]
+
8π
3H
[
1
2
{fQ(µ− 3P )}+ 2fQRµǫ
×
{(
µ+
s2
8πr4
)
vµvǫ +
(
Π− s
2
4πr4
)(
wµwǫ +
1
3
hµǫ
)
− hµǫ
×
(
P +
s2
24πr4
)}
−∇µ∇ǫ(fQXµǫ)− 2gǫξ(fQRµρ + fTgµρ) ∂
2Lm
∂gǫξ∂gµρ
]
hδγ , (50)
Zδγ =
4π
H
[
1
2
vα(fQX
ǫ
α) + fQ
(
µ+
s2
8πr4
)
Rǫαv
α − vα∇ǫ∇αfR
+
1
3
fQ
(
Π− s
2
4πr4
)
Rǫαv
α − fQ
(
P +
s2
24πr4
)
Rǫαv
α − 1
2
vα∇µ∇α(fQXµǫ)
− 1
2
vα∇µ∇ǫ(fQXµα)
]
ǫǫγδ, (51)
and
Xδγ = −Eδγ + 1
H
{
8π
3
µhδγ + 4πΠδγ − s
2
r4
(
wδwγ +
1
3
hδγ
)
+
s2
3r4
hδγ
}
× (fT + 1
2
RfQ + 1) +
4π
H
[{
∇ν∇ǫfR − 1
2
(fQX
ν
ǫ ) +
1
2
∇µ∇ǫ(fQXµν)
+
1
2
∇µ∇ν(fQXµǫ )
}
ǫǫαδ ǫναγ + fQRµǫ
{(
P +
s2
24πr4
)
− 1
3
(
Π− s
2
4πr4
)}
× ǫǫαδ ǫµαγ + fQRνµ
{(
P +
s2
24πr4
)
− 1
3
(
Π− s
2
4πr4
)}
ǫµαδ ǫναγ
]
+
8π
3H
[{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT − 1
2
∇µ∇ρ(fQXµρ)
}
− 1
2
{fQ(µ− 3P )} − 2RfQ
{
1
3
(
Π− s
2
4πr4
)
−
(
P +
s2
24πr4
)}
+ ∇µ∇ν(fQXµν) + 2gνǫ(fQRµρ + fTgµρ) ∂
2Lm
∂gνǫ∂gµρ
]
hδγ . (52)
The three tensors (50)-(52) can further be expressed with the help of following scalars
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XT , XTF , YT and YTF whose values are given as
XT =
1
H
(
8πµ+
s2
r4
)(
1 +
1
2
RfQ + fT
)
+ ϕ
(D)
1 , (53)
XTF = −E + 1
H
(
4πΠ− s
2
r4
)(
1 +
1
2
RfQ + fT
)
, (54)
YT =
4π
H
(
µ+ 3Pr − 2Π + s
2
4πr4
)(
1 +
1
2
RfQ + fT
)
+ ϕ
(D)
2 , (55)
YTF = E +
1
H
(
4πΠ− s
2
r4
)(
1 +
1
2
RfQ + fT
)
+ ϕ
(D)
3 , (56)
where ϕ
(D)
3 =
1
wδwγ+
1
3
hδγ
ϕ
(D)
δγ . These scalars were first determined and discussed in detail by
Herrera et al. [60]. Combining Eqs.(54) and (56) with Eq.(32) separately, we have respec-
tively
XTF =
4π
r3
∫ r
0
r˜3
(
µ(eff) +Q
(eff)
0
H
)
′
dr˜ − 4π
H
(Π(eff) +Q
(eff)
1 −Q(eff)2 )
+
1
H
(
4πΠ− s
2
r4
)(
1 +
1
2
RfQ + fT
)
, (57)
YTF = −4π
r3
∫ r
0
r˜3
(
µ(eff) +Q
(eff)
0
H
)
′
dr˜ +
4π
H
(Π(eff) +Q
(eff)
1 −Q(eff)2 )
+
1
H
(
4πΠ− s
2
r4
)(
1 +
1
2
RfQ + fT
)
+ ϕ
(D)
3 , (58)
whereas Appendix B contains the values of ϕ
(D)
1 , ϕ
(D)
2 and ϕ
(D)
δγ .
By adding two above scalars XTF and YTF , we get local anisotropic pressure and electric
charge along with corrections terms of f(R, T,Q) theory, as
XTF + YTF =
2
H
(
4πΠ− s
2
r4
)(
1 +
1
2
RfQ + fT
)
+ ϕ
(D)
3 . (59)
The physical significance of the scalar function YTF can be determined by utilizing Eq.(56)
in Eq.(39) as
mT = (mT )Σ(
r
rΣ
)3 + r3
∫ rΣ
r
XY
r˜
[
YTF +
4πΠ(eff)
H
− 1
H
(
4πΠ− s
2
r4
)
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×
(
1 +
1
2
RfQ + fT
)
− ϕ(D)3
]
dr˜ + 4πr3
∫ rΣ
r
XY
r˜H
Q
(eff)
4 dr˜. (60)
One can observe by comparing Eq.(39) with Eq.(60) that the scalar YTF contributes to deter-
mine the impact of anisotropic pressure, energy density inhomogeneity and electromagnetic
field on the Tolman mass along with dark source terms of f(R, T,Q) theory. Likewise, in
terms of scalar factor YT , the Tolman mass (35) takes the form as
mT =
∫ r
0
XY r˜2
[
YT − 4π
H
(
µ+ 3Pr − 2Π + s
2
4πr4
)(
1
2
RfQ + fT
)
− 4πs
2
Hr4
+
4π
H
(
µ(D) + P (D)r + 2P
(D)
t +Q
(eff)
3
)
− ϕ(D)2
]
dr˜. (61)
Equation (61) provides the relation among the scalar YT , matter variables and the Tolman
mass which are influenced by modified correction terms. Herrera et al. [50,61] and Yousaf et
al. [62–64] observed the role of the scalar YT on equation for evolution which is commonly
called as Raychaudhuri equation, and thus, Eq.(61) could be used to provide this equation
through mT even for charged structure in f(R, T,Q) theory.
4 Matter Distribution With Disappearing Complexity
Factor
It should be obvious that various factors can contribute to make any static/non-static system
more complex. For the considered structure, we indicate YTF as a complexity factor in which
certain components such as inhomogeneous energy density, anisotropic pressure and electric
charge are participated under the presence of modified correction terms. In relevant field
equations, five unknown functions (µ, Pr, Pt, X, Y ) are to be found. Therefore, two more
conditions are required for our further work and from them, one could be the disappering
complexity factor condition (by putting YTF = 0 in Eq.(58)), as
Π =
H
2
[
1
r3
∫ r
0
r˜3
(
µ(eff) +Q
(eff)
0
H
)
′
dr˜ − 1
H
(Π(D) +Q
(eff)
1 −Q(eff)2 )
− 1
H
(
fT +
1
2
RfQ
)(
Π− s
2
4πr4
)
+
s2
4πHr4
− 1
4π
ϕ
(D)
3
]
. (62)
In modified gravity theory, Eq.(62) could be regarded as a non-local equation of state. In
next two subsections, different models of stellar objects are discussed.
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4.1 The Gokhroo and Mehra Ansa¨tz
Gokhroo and Mehra [65] supposed a particular form of the energy density of a stellar object
and analyzed the formation of its internal structure. So, we proceed their assumption in this
case as
µ(eff)
H
= µo
(
1− Kr
2
r2Σ
)
, (63)
where K ∈ (0, 1). One may write the following by using Eq.(63) in Eq.(21) as
m(r) =
r
8
+
s2
2r
+ βr3
(
−1
3
+
Kr2
5r2Σ
)
− 4π
∫ r
0
r˜2Q
(eff)
0
H
dr˜, (64)
and β = 4πµ0. Also, by combining Eqs.(20) and (64), we get
1
Y
=
√
2βr3
r
(
1
3
− Kr
2
5r2Σ
)
+
8π
r
∫ r
0
r˜2Q
(eff)
0
H
dr˜. (65)
Futher, from field equations (14) and (15) we have
8π
H
[
Π(eff) +Q
(eff)
1 −Q(eff)2
]
=
1
Y 2
[
−X
′
rX
− X
′Y ′
XY
− 1
r2
+
X ′′
X
− Y
′
rY
]
. (66)
We propose some new variables which can be useful as
X2 = e
∫
(2z(r)−2/r)dr , Y −2 = y(r), (67)
and putting back these variables in Eq.(66), we get
y′ + y
[
2z′
z
+ 2z +
4
r2z
− 6
r
]
=
16π
Hz
(
Π(eff) +Q
(eff)
1 −Q(eff)2
)
, (68)
which looks to be in the proposed form by Ricatti. In f(R, T,Q) theory, the line element
(12) appears in terms of new variables after the above expression has been integrated as
ds2 = e
∫
(2z(r)−2/r)drdt2
− z
2(r)e
∫ (
4
r2z(r)
+2z(r)
)
dr
r6

16π ∫

z
(
Π(eff)+Q
(eff)
1 −Q
(eff)
2
)
e
∫( 4
r2z(r)
+2z(r)
)
dr
Hr6

 dr + C


dr2
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− r2(dθ2 + α2dz2), (69)
where C presents as a constant of integration. In addition, the field equations (13)-(15) can
also be expressed in terms of variables (67) as
4π
H
[
µ(eff) +Q
(eff)
0
]
=
1
2r2
− m
′
r2
+
s
r3
(
s′ − s
2r
)
, (70)
4π
H
[
P (eff)r +Q
(eff)
1
]
=
(
1
2
− 4m
r
)(
1
4r2
− z
2r
)
+
s2
r3
(
1
2r
− z
)
, (71)
4π
H
[
P
(eff)
t +Q
(eff)
0
]
=
(
−1
8
+
m
r
)(
z′ + z2 − 3z
2r
+
1
r2
)
+
m′z
2r
− s
2
2r2
(
z′ + z2 − 2z
r
+
1
r2
+
s′z
s
)
. (72)
In cylindrical structure, Eqs.(70)-(72) may be helpful in understanding its mysterious and
highly fascinating properties. Di Prisco et al. [66] done the same work in the background of
GR and calculated their corresponding solutions, whereas Sharif and Yousaf [47,67] extended
this for spherical and cylindrical structures in modified framework. Also, Yousaf [68] and
Bhatti [69] found the more generalized results for Einstein-Λ gravity. The conditions (23)
calculated at the boundary Σ must satisfied by the obtained solutions to prevent the effective
material variables from being of a singular nature.
4.2 The Polytropic Equation With Zero Complexity Factor
The polytropical equation of state is a key to analyze any self-gravitating system. To explain
the effects of modified corrections in our model, we have to solve a system of equations for
which it is required to combine this equation of state with the disappearing complexity factor
condition. We will discuss here two individual cases of polytropes in charged cylindrical star,
of which the first is
P (eff)r = ω[µ
(eff)]ρ = ω[µ(eff)](1+1/n); YTF = 0, (73)
where ω and ρ denote the polytropic constant and polytropic exponent. Also, n is termed
as polytropic index.
In order to solve the system of equations easily, we are introducing few variables to write
these equations in dimensionless form as
σ = P (eff)rc /µ
(eff)
c , r = η/A, A
2 = 4πµ(eff)c /σ(n+ 1), (74)
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φn = µ(eff)/µ(eff)c , ν(η) = m(r)A
3/(4πµ(eff)c ), (75)
where µ
(eff)
c and P
(eff)
rc show that these quantities are calculated at the center. Also, at the
boundary r = rΣ, we have η = ηΣ and thus φ(ηΣ) = 0. After utilizing Eqs. (74) and (75) in
TOV equation (19), it becomes
η2
1 + σφ
[
1− 8νσ(n+ 1)
η
+
4s2A2
η2
]
dφ
dη
+
2φ−nη
P
(eff)
rc (n+ 1)(1 + σφ)
(
Π(eff)
+ Q
(eff)
1 −Q(eff)2
)[
1− 8νσ(n + 1)
η
+
4s2A2
η2
]
+ 4
(
1 +
Q
(eff)
5 φ
−n
µ
(eff)
c (1 + σφ)
)
×
[
ση3φn+1
H
+
η3Q
(eff)
1
Hµ
(eff)
c
− ν + A
2η
32πµ
(eff)
c
+
s2A4
8πηAµ
(eff)
c
]
=
η2φ−n
AP
(eff)
rc (n+ 1)
× 1
(1 + σφ)
[
1− 8νσ(n + 1)
η
+
4s2A2
η2
]{
Y 2ZH +
A
H
dH
dη
(
φn+1P (eff)rc +Q
(eff)
1
)}
. (76)
By taking derivative of ν(η) and combining it with Eq.(70), we have
dν
dη
=
A2
32πµ
(eff)
c
− η
2
H
(
φn +
Q
(eff)
0
µ
(eff)
c
)
+
sA4
8πηµ
(eff)
c
(
2
ds
dη
− s
η
)
. (77)
It should be mentioned that two ordinary differential equations (ODE’s) (76) and (77) consist
of three unknown functions φ, ν and Π. We require one more equation to have a unique solu-
tion of this system and thus the dimensionless form of vanishing complexity factor condition
(62) becomes
6Π
nµ
(eff)
c
+
2η
nµ
(eff)
c
dΠ
dη
= φn−1η
dφ
dη
+
2Πη
Hnµ
(eff)
c
dH
dη
− 3
nµ
(eff)
c
[(
Π− s
2A4
4πη4
)
×
(
fT +
1
2
RfQ
)
− s
2A4
4πη4
+Π(D) +Q
(eff)
1 −Q(eff)2 +
H
4π
ϕ
(D)
3
]
+
Hηφn
n
d
dη
(
1
H
)
+
Hη
nµ
(eff)
c
[
d
dη
(
Q
(eff)
0
H
)
− d
dη
{
1
H
(
Π(D) +Q
(eff)
1 −Q(eff)2
)}
− d
dη
{
1
H
×
(
Π− s
2A4
4πη4
)(
fT +
1
2
RfQ
)}
+
sA4
2πHη4
ds
dη
− s
2A4
4πH2η4
dH
dη
− s
2A4
πHη5
− 1
4π
dϕ
(D)
3
dη
]
. (78)
We finally get a system of three ODE’s (76), (77) and (78). This system provides us a unique
solution by putting arbitrary values of parameters σ and n. One can study some properties
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of stellar object such as mass and density with the help of solution of the above system which
may obtain for particular values of σ and n.
We are now ready to consider the second case of the polytropic equation of state as
P
(eff)
r = ω[µ
(eff)
b ]
ρ = ω[µ
(eff)
b ]
(1+1/n), where µb indicate the baryonic (rest) mass density.
Therefore, Eqs.(76) and (78) can be rewritten in this case as
η2
1 + σφb
[
1− 8νσ(n+ 1)
η
+
4s2A2
η2
]
dφb
dη
+
2φ−nb η
P
(eff)
rc (n + 1)(1 + σφb)
(
Π(eff)
+ Q
(eff)
1 −Q(eff)2
)[
1− 8νσ(n + 1)
η
+
4s2A2
η2
]
+ 4
(
1 +
Q
(eff)
5 φ
−n
b
µ
(eff)
bc (1 + σφb)
)
×
[
ση3φn+1b
H
+
η3Q
(eff)
1
Hµ
(eff)
bc
− ν + A
2η
32πµ
(eff)
bc
+
s2A4
8πηAµ
(eff)
bc
]
=
η2φ−nb
AP
(eff)
rc (n+ 1)
× 1
(1 + σφb)
[
1− 8νσ(n + 1)
η
+
4s2A2
η2
]{
Y 2ZH +
A
H
dH
dη
(
φn+1b P
(eff)
rc +Q
(eff)
1
)}
, (79)
and
6Π
nµ
(eff)
bc
+
2η
nµ
(eff)
bc
dΠ
dη
= φn−1b η
[
1 +K(n + 1)
(
µ
(eff)
bc
)1/n
φb
]
dφb
dη
+
2Πη
Hnµ
(eff)
bc
× dH
dη
− 3
nµ
(eff)
bc
[(
Π− s
2A4
4πη4
)(
fT +
1
2
RfQ
)
− s
2A4
4πη4
+Π(D) +Q
(eff)
1
− Q(eff)2 +
H
4π
ϕ
(D)
3
]
+
Hηφnb
n
d
dη
(
1
H
)
+
Hη
nµ
(eff)
bc
[
d
dη
(
Q
(eff)
0
H
)
− d
dη
{
1
H
(
Π(D)
+ Q
(eff)
1 −Q(eff)2
)}
− d
dη
{
1
H
(
Π− s
2A4
4πη4
)(
fT +
1
2
RfQ
)}
+
sA4
2πHη4
ds
dη
− s
2A4
4πH2η4
dH
dη
− s
2A4
πHη5
− 1
4π
dϕ
(D)
3
dη
]
, (80)
where φnb = µ
(eff)
b /µ
(eff)
bc .
5 Conclusions
The basic objective in doing this work is to analyze the self-gravitating system having cylin-
drical symmetry under f(R, T,Q) corrections and for this reason, we considered anisotropic
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static charged geometry. The field equations containing f(R, T,Q) corrections, C-energy
and Tolman mass function are derived, and their relations with Conformal tensor are also
developed. The tensors Xργ , Yργ and Zργ are found from proper orthogonal splitting of the
Riemann tensor and then received five modified scalar functions from them. After this, the
effects of these scalars on the sustainability and evolution of cylindrical relativistic fluid were
studied. Herrera [1] suggested the idea to find complexity of spherical star by preceding the
assumption that the system with homogeneous energy density and isotropic pressure is sim-
plest, i.e., there is no complexity. The corresponding modified scalar YTF is therefore known
as the complexity factor in this case. Thus, we are focused on some significant changes in
f(R, T,Q) theory.
(i) The effective scalar YTF includes the effects of electric charge as we are studying
charged cylindrical object.
(ii) For this charged case, the system becomes more complex (we can see from Eq.(58)),
because YTF also contains the effective charge along with effective inhomogeneous energy
density and effective pressure anisotropy.
(iii) The Tolman mass in f(R, T,Q) theory could be measured via this scalar YTF in
terms of above effective physical quantities.
After calculating the Darmois junction conditions on the boundary Σ in modified grav-
ity, we briefly discussed the electric and magnetic parts of Weyl tensor. In addition, we
have examined two different applications of stellar systems by adding modified corrections
through vanishing of complexity factor (58). In first of them, we modified the form of energy
density which was suggested by Gokhroo and Mehra to analyze the characteristics of stellar
structures. In second example, we discussed the equation of state for polytropic substance
and also added certain variables to make some equations dimensionless. For some realistic
constraints, the obtained system of modified equations offer a solution that allows us to
better understand the system. To get all our results in GR with charge free case, one can
substitute f(R, T,Q) = R and LEM = 0 in action function (1).
Appendix A
The effective quantities appearing in field equations (13)-(15) are
µ(eff) = µ
[
1 + 2fT + fQ
(
3X ′Y ′
2XY 3
− 3X
′
rXY 2
+
1
2
R− 3X
′′
2XY 2
)
− f ′Q
(
Y ′
2Y 3
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− 1
rY 2
)
+
f ′′Q
2Y 2
]
+ µ′
[
−fQ
(
Y ′
2Y 3
− 1
rY 2
)
+
f ′Q
Y 2
]
+
µ′′fQ
2Y 2
+ Pr [fQ
×
(
Y ′
rY 3
− 1
r2Y 2
+
X ′′
2XY 2
− X
′Y ′
2XY 3
)
− f ′Q
(
2
rY 2
− Y
′
2Y 3
)
− f
′′
Q
2Y 2
]
− P ′r
[
fQ
(
2
rY 2
− Y
′
2Y 3
)
+
f ′Q
Y 2
]
− P
′′
r fQ
2Y 2
+ Pt
[
fQ
(
1
r2Y 2
+
X ′
rXY 2
− Y
′
rY 3
)
+
f ′Q
rY 2
]
+
P ′tfQ
rY 2
+
R
2
(
f
R
− fR
)
− f ′R
(
Y ′
Y 3
− 2
rY 2
)
+
f ′′R
Y 2
, (81)
P (eff)r = µ
[
−fT + fQ
(
X ′′
2XY 2
+
X ′
rXY 2
− X
′Y ′
2XY 3
)
− f
′
QX
′
2XY 2
]
− µ
′X ′fQ
2XY 2
+ Pr
[
1 + fT + fQ
(
2X ′
rXY 2
+
1
2
R +
1
r2Y 2
+
3X ′Y ′
2XY 3
+
3Y ′
rY 3
− 3X
′′
2XY 2
)
+ f ′Q
(
1
rY 2
+
X ′
2XY 2
)]
+ P ′r
[
fQ
(
1
rY 2
+
X ′
2XY 2
)]
+ Pt
[
fQ
(
Y ′
rY 3
− 1
r2Y 2
− X
′
rXY 2
)
+
3f ′Q
2rY 2
]
+
P ′tfQ
rY 2
+
R
2
(
fR − f
R
)
− f ′R
×
(
2
rY 2
+
X ′
XY 2
)
, (82)
P
(eff)
t = µ
[
−fT + fQ
(
X ′′
2XY 2
+
X ′
rXY 2
− X
′Y ′
2XY 3
)
+
f ′QX
′
2XY 2
]
+
µ′X ′fQ
2XY 2
+ Pr
[
fQ
(
X ′′
2XY 2
+
X ′
rXY 2
− X
′Y ′
2XY 3
)
+ f ′Q
(
1
rY 2
+
X ′
XY 2
− Y
′
2Y 3
)
+
f ′′Q
2Y 2
]
+ P ′r
[
fQ
(
1
rY 2
+
X ′
XY 2
− Y
′
2Y 3
)
+
f ′Q
Y 2
]
+
P ′′r fQ
2Y 2
+ Pt [1 + fT
+ fQ
(
2Y ′
rY 3
+
1
2
R− 2
r2Y 2
− 2X
′
rXY 2
)
− f ′Q
(
Y ′
2Y 3
− X
′
2XY 2
)
+
f ′′Q
2Y 2
]
+ P ′t
[
−fQ
(
Y ′
2Y 3
− X
′
2XY 2
)
+
f ′Q
Y 2
]
+
P ′′t fQ
2Y 2
+
R
2
(
fR − f
R
)
− f ′R
×
(
1
rY 2
− Y
′
Y 3
+
X ′
XY 2
)
− f
′′
R
Y 2
, (83)
Q
(eff)
0 =
(
1 +
1
2
RfQ + fT
)
s2
8πr4
− s
2fT
2r4
+ f ′′Q
(
s2
8πr4X2
+
s2
8πr4Y 2
)
22
+ f ′Q
(
s2X ′
8πr4XY 2
− s
2
2πr5Y 2
+
ss′
2πr4Y 2
− s
2Y ′
8πr4Y 3
− s
2Y ′
8πr4X2Y
+
ss′
2πr4X2
− s
2
2πr5X2
)
+ fQ
(
ss′X ′
4πr4XY 2
− ss
′
πr5Y 2
+
3s2X ′
8πr5XY 2
+
s′2
4πr4Y 2
+
ss′′
4πr4Y 2
− ss
′Y ′
4πr4Y 3
+
3s2
4πr6Y 2
+
s2Y ′
4πr5Y 3
+
s′2
4πr4X2
+
ss′′
4πr4X2
− ss
′
πr5X2
− ss
′Y ′
4πr4X2Y
+
s2X ′′
4πr4X3
− s
2X ′Y ′
4πr4X3Y
)
, (84)
Q
(eff)
1 = −
(
1 +
1
2
RfQ + fT
)
s2
8πr4
+
s2fT
2r4
− f
′
Qs
2X ′
8πr4XY 2
+ fQ
(
s2X ′′
4πr4XY 2
− s
2X ′Y ′
4πr4XY 3
+
ss′Y ′
4πr4Y 3
− ss
′X ′
4πr4XY 2
+
s2X ′
8πr5XY 2
− s
2
4πr6Y 2
− 3s
2Y ′
4πr5Y 3
)
, (85)
Q
(eff)
2 =
(
1 +
1
2
RfQ + fT
)
s2
8πr4
+
s2fT
2r4
− f
′
Qs
2
8πr5Y 2
+ fQ
(
s2Y ′
4πr5Y 3
− ss
′
4πr5Y 2
− 3s
2X ′
8πr5XY 3
+
s2
4πr6Y 2
)
. (86)
The value of Z which is arisen in Eq.(17) is
Z =
2
(2 +RfQ + 2fT )
[
f ′Q
Y 2
(
Pr − s
2
8πr4
)(
Y ′
rY
+
X ′Y ′
2XY
+
1
2r2
+
X ′
rX
)
+
1
2Y 2
×
(
Pr − s
2
8πr4
){
fQ
(
X ′′Y ′
XY
+
2Y ′′
rY
− 6Y
′2
rY 2
− 9X
′Y ′2
XY 2
− X
′2Y ′
X2Y
+
X ′Y ′′
XY
− 4Y
′
r2Y
− 2X
′
r2X
+
2X ′′
rX
− 4X
′Y ′
rXY
− 2X
′2
rX2
− 2
r3
)
+ 2f ′TY
2
}
+
1
2Y 2
(P ′r
− ss
′
4πr4
+
s2
2πr5
){
fQ
(
X ′Y ′
XY
+
2Y ′
rY
− X
′′
X
)
+ fTY
2
}
− 3fT
2
(
µ′ − ss
′
r4
+
2s2
r5
)
− f ′T
(
µ− s
2
2r4
)
− fQ
XY 2
(
µ′ +
ss′
4πr4
− s
2
2πr5
)(
Y ′
r
− X
′Y ′
2Y
+
X ′′
2
)
− 1
r2Y 2
(
P ′t +
ss′
4πr2
− s
2
4πr3
){
fQ
(
rY ′
Y
− 1− rX
′
X
)
− fT r2Y 2
}
+
(
1
r2
+
2X ′
rX
){
fQ
(
µ′ − ss
′
r4
+
2s2
r5
)
+ f ′Q
(
µ− s
2
2r4
)}]
. (87)
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The modified correction terms F0 and F1 in Eq.(23) are given as
F0 = f˜T (Pr − µ) + f˜Q
[
µ
(
X ′′
2XY 2
+
X ′
rXY 2
− X
′Y ′
2XY 3
)
− µ
′X ′
2XY 2
+ Pr
(
2X ′
rXY 2
+
1
2
R− 3X
′′
2XY 2
+
1
r2Y 2
+
3X ′Y ′
2XY 3
+
3Y ′
rY 3
)
+ P ′r
(
X ′
2XY 2
+
1
rY 2
)
+ Pt
(
Y ′
rY 3
− 1
r2Y 2
− X
′
rXY 2
)
+
P ′t
rY 2
]
+
R
2
(
f˜R − f
R
)
, (88)
F1 = −
(
1
2
Rf˜Q + f˜T
)
s2
8πr4
+
s2f˜T
2r4
+ f˜Q
(
s2X ′′
4πr4XY 2
− s
2X ′Y ′
4πr4XY 3
+
ss′Y ′
4πr4Y 3
− ss
′X ′
4πr4XY 2
+
s2X ′
8πr5XY 2
− s
2
4πr6Y 2
+
s2X ′Y ′
r4XY 3
− s
2X ′′
r4XY 2
− 3s
2Y ′
4πr5Y 3
)
. (89)
Appendix B
The effective terms ϕ
(D)
1 , ϕ
(D)
2 and ϕ
(D)
δγ appeared in structure scalars (53), (55) and (56) are
given as
ϕ
(D)
1 =
4π
H
[{
hγν(fQX
ν
γ )− 2hγν∇ν∇γfR − hγν∇π∇γ(fQXπν)
− hγν∇π∇ν(fQXπγ )
}
+ 2fQ (R
ν
πh
π
ν +Rπγh
γπ)
{
1
3
(
Π− s
2
4πr4
)
−
(
P +
s2
24πr4
)}]
+
8π
H
[{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT
− 1
2
∇π∇ρ(fQXπρ)
}
+ 2RfQ
{(
P +
s2
24πr4
)
− 1
3
(
Π− s
2
4πr4
)}
+ ∇π∇ν(fQXπν)− 1
2
{fQ(µ− 3P )}+ 2gνγ(fQRπρ + fTgπρ)
× ∂
2Lm
∂gνγ∂gπρ
]
, (90)
ϕ
(D)
2 = −
8π
H
{
R
2
(
f
R
− fR
)
+
(
µ− s
2
2r4
)
fT − 1
2
∇π∇ρ(fQXπρ)
}
+
4π
H
×
[
−1
2
{
(fQX) + 3v
αvδ(fQX
δ
α)− vδvα(fQXδα)
}
+ (fR + 3v
αvδ
24
× ∇δ∇αfR − vδvα∇δ∇αfR
)− 2fQRαπ
{(
Π− s
2
4πr4
)(
wπwα +
1
3
hπα
)
−
(
P +
s2
24πr4
)
hπα
}
− 3fQ
(
Rπαv
πvα +Rδπv
πvδ
)(
µ+
s2
8πr4
)
+
1
2
{∇π∇δ(fQXπδ) + 4vδvα∇π∇δ(fQXπα) +∇π∇α(fQXπα) + 4vδvα
× ∇π∇α(fQXπδ)− vδvα∇π∇α(fQXδπ)− vδvα∇π∇δ(fQXπα)− vδvα
× ∇π∇δ(fQXπα)− vδvα∇π∇α(fQXπδ )}+ 2hǫα(fQRπν + fTgπν)
× ∂
2Lm
∂gǫα∂gπν
]
+
8π
H
[
1
2
{fQ(µ− 3P )} −∇π∇ρ(fQXπρ) + 2fQRπρXπρ
− 2gρξ(fQRπν + fTgπν) ∂
2Lm
∂gρξ∂gπν
]
, (91)
ϕ
(D)
δγ = −
2π
H
[
hλδh
µ
γ(fQXλµ)− vδvγvβvα(fQXβα)−(fQXδγ)
]
+
4π
H
× [(hλδhµγ∇µ∇λfR − vδvγvβvα∇β∇αfR −∇δ∇γfR)− fQ(Rλπhλδ
− Rδπ)
{(
Π− s
2
4πr4
)(
wπwγ +
1
3
hπγ
)
−
(
P +
s2
24πr4
)
hπγ
}
+ fQ(Rπγ
− Rπµhµγ)
{(
Π− s
2
4πr4
)(
wπwδ +
1
3
hπδ
)
−
(
P +
s2
24πr4
)
hπδ
}
+
1
2
{hλδhµγ∇π∇λ(fQXπµ )−∇π∇γ(fQXπδ ) + hλδhµγ∇π∇µ(fQXπλ )
− ∇π∇δ(fQXπγ )− vδvγvβvα∇π∇β(fQXπα)− vδvγvβvα∇π∇α(fQXπβ)}
+ 2(fQR
πν + fTg
πν)hǫδ
{
hµγ
∂2Lm
∂gǫµ∂gπν
− ∂
2Lm
∂gǫγ∂gπν
}]
. (92)
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